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OUTLINE

1. Problem statement
2. Multigrid method: theory and CUDA implementation
3. Spectral method: theory and implementation with cuFFT
4. Implementation details
5. Results: runtime performance and numerical accuracy
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INTRODUCTION

Particle In Cell / Monte Carlo Collisions (PIC/MCC)
• Particle-Mesh technique
• Monte Carlo collision handling

Poisson equation solver is the bottleneck
• Grid size: 255×255
• Total PIC-cycle time: 22.5 ms
• Poisson solver: 2×6 ms (54% of the cycle)

PIC cycle

1. 
Move particles based 

on electric field

2. 
Handle collisions

3. 
Compute density

4. 
Compute electric field 

(Poisson equation)

3



CUDA PROGRAMMING 
MODEL

Kernel: basic programmable 
unit, describing one thread

Hierarchy
• Hardware
• Threads
• Memory

F32

CUDA core

SM

Device

HARDWARE SOFTWARE

Thread

Block

Grid
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POISSON-EQUATION SOLVERS

Direct
• Gaussian Elimination
• Spectral

Iterative
• Jacobi iteration
• Gauss-Seidel iteration, 

Successive Over Relaxation
• Multigrid

∇2𝜙 =
𝜌

𝜀0

Discretisation using finite differences:

5-point star on the grid:

1

ℎ2
𝜙𝑖+1,𝑗 + 𝜙𝑖−1,𝑗 + 𝜙𝑖,𝑗+1 + 𝜙𝑖,𝑗−1 − 4𝜙𝑖,𝑗 =

𝜌

𝜀0
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GEOMETRIC MULTIGRID METHOD1

V-cycle:

(2.5)
Prolongate

(2.3)
Restrict

4h

2h

h

V-cycle

Smooth (1)

procedure V_cycle
begin 
1.  error smoothing
2.  if on coarsest grid then
2.1   compute exact solution
    else
2.2   compute residual 
2.3   restrict to coarser grid
2.4 call V_cycle
2.5   prolongate to finer grid
    endif
3.  error smoothing
end Exact solution 

(2.1)

(2.3)
Restrict

Smooth (1)

(2.5)
Prolongate
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GPU IMPLEMENTATION
• Baseline sequential implementation (C++)

• Matlab reference implementation2

• CUDA implementation
• Each step runs as a GPU kernel
• One thread - One grid point

670 µs
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FUSED-KERNEL OPTIMIZATION

Naive implementation
• Many, small GPU grids
• Latencies, no parallelism

Fuse below 32×32
• Single CUDA block with internal  

synchronization
• Single kernel combined with
• 10x speedup for 32×32 and 64×64

Synchronization via kernel 
calls, low GPU utilization
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Multiple blocks

Multiple blocks Multiple blocks

Fused kernel

255 to 32
below 32

32 to 255



OPTIMIZED GPU IMPLEMENTATION

GPU utilization improvement
• Naive implementation: 20%
• Fused kernel  implementation: 40 – 80%

142 µs
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Grid size

Sequential
baseline

CUDA Multigrid

RTX6000 Ada generation

CUDA Multigrid

A100

time [µs] time [µs] speedup time [µs] speedup

255×255 569.94 120.16 4.7 103.90 5.5

511×511 2550.70 184.35 13.8 146.13 17.5

1023×1023 12195.24 391.35 31.2 272.48 44.8
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SPECTRAL METHOD3

Constant 0 Dirichlet boundary condition

ො𝜌𝑚,𝑛 =
2

𝐽
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𝜋𝑙𝑛
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𝑙=1
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෠𝜙𝑚,𝑛 =
ℎ2 ො𝜌𝑚,𝑛

2 cos
𝜋𝑚

𝐽 + cos
𝜋𝑛
𝐿  − 2 𝜀0

𝜌

𝜀0
=

1

ℎ2 𝜙𝑖+1,𝑗 + 𝜙𝑖−1,𝑗 + 𝜙𝑖,𝑗+1 + 𝜙𝑖,𝑗−1 − 4𝜙𝑖,𝑗 Discretised Poisson-equation

1. Apply 2D forward Sine-transform

2. Direct solution

3. Apply 2D inverse Sine-transform
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IMPLEMENTATION USING FFT

Fast Sine-transform: 
• Extend the grid to get an ”odd signal” 
• Use Batch-FFT

𝑓2𝑁−𝑗
′  ≔ −𝑓𝑗, 𝑗 = 0,1, … , 𝑁 − 1

𝐹𝑘 = ෍

𝑗=0

2𝑁−1

𝑓𝑗e
2𝜋𝑖𝑗𝑘

2𝑁 = 2𝑖 ෍

𝑗=0

𝑁

𝑓𝑗
′ sin

𝜋𝑗𝑘

𝑁

DFT DST

procedure Spectral
begin 
1.1 Horizontally duplicate grid
1.2 Horizontal batch FFT (cuFFT)
1.3 Vertically duplicate grid
1.4 Vertical batch FFT (cuFFT)
2.  Compute solution
3.1 Horizontally duplicate grid
3.2 Horizontal batch FFT (cuFFT)
3.3 Vertically duplicate grid
3.4 Vertical batch FFT (cuFFT)
end

DST

IDST
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𝑓 𝑓 𝐹𝑙𝑖𝑝𝑥(−𝑓)

𝐹𝑥

ℑ 𝐹𝑥

𝐹𝑙𝑖𝑝𝑦(
−ℑ 𝐹𝑥

2
)

𝐹𝑦

𝐷𝑆𝑇{𝑓}

Batch
𝔉𝑥

ℝ

ℂ

ℑ 𝐹𝑦

Batch
𝔉𝑦

Buffering scheme for Fast-Sine transform 13



API
• Struct for configuration and workspace
• Functions for lifecycle: initialize, solve, destroy
• Both workspaces work with the same function names

SpectralSolverConfig cfg = { 0 }; 

cfg.block_size = 16; 

cfg.grid_dimension_x = 1.0; 

cfg.grid_dimension_y = 1.0; 

cfg.N_G_x = 255; 

cfg.N_G_y = 255; 

SpectralSolverWorkspace wsp = { 0 }; 

init_workspace(&wsp, &cfg); 

solve(&wsp, d_u, d_f); 

destroy_workspace(&wsp);

Hyperparameters for the 
algorithm

Solve can be called any times
with the same workspace
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RESULTS

• Numerical correctness: 10-9 maximum absolute error 
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Grid size

CUDA Multigrid

1 V-cycle

CUDA Multigrid

20 V-cycles

CUDA Spectral (FFT)

A100

time [µs] time [µs] time [µs] speedup
cumulative

speedup

255×255 103.90 2078.00 121.70 17.1 ~100x

511×511 146.13 2922.60 144.64 20.2

1023×1023 272.48 5449.60 883.91 6.2



SUMMARY

New general purpose 2D Poisson solver implementations
• Speedups

• Multigrid: up to 40x compared to a sequential C++ implementation
• Spectral: 20x compared to the optimized CUDA Multigrid, 100x compared

to the original solver

• Further development
• Multigrid: convergence test, FMG-cycle
• Spectral: Direct Fast DST instead of the FFTs
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